Abstract-A rigid circular cylinder is cemented to the otherwise stress-free surface of a homogeneous isotropic elastic half-space. The cylinder is rotated through a small angle and then released from rest. During the subsequent motion the cylinder remains cemented to the half-space and the problem is the determination of its motion. 
INTRODUCTION
CONSIDER an isotropic, homogeneous, elastic half-space which occupies the region z P 0 referred to a cylindrical coordinate system (r, 8, z) . A rigid circular cylinder of mass m and radius a, which is cemented to the otherwise stress free surface of the half-space, is slowly rotated through an angle E and then released from rest. It is assumed that during the subsequent motion, the cylinder remains cemented to the half space and the problem to be considered here is the determination of the motion of the cylinder.
FORMULATION
If it is assumed that the weight, mg, of the cylinder is supported by external means, then the problem is one of torsional motion only, and it is known that the displacement vector has the form u = [0, v (r, z, t), 01. It then follows that the only non-zero stress components are given by av v
( 1 av ---a,()=/4 ar r mz=Pz, where ~1, is the shear modulus of the elastic medium. Let 6 and c = (p/8)1/z denote respectively the mass density and the wave speed in the half-space, and let 0(t) describe the motion of the cylinder. Then the problem can be stated as follows: (2.9)
these boundary values being needed below. It is convenient at this point to reduce the problem to one with zero initial conditions and, at the same time, introduce dimensionless variables. Hence let u(r, z, t) = u(r, z, t) -u"(r, z) and then define
In terms of U and 0. we now have (2.10) U(P,LO) = U,(P,LO) =O, (2.11)
where A = 32pa3/mc2 is a dimensionless parameter, the physical significance of which becomes evident if we recall that c* = p/S. For then we have
where h and 6, are respectively the height and mass density of the cylinder. Hence A is proportioned to S/S,. Thus large (small) A means that the mass of the cylinder is much less (greater) than the mass of a portion of the half space whose volume is equal to that of the cylinder.
REDUCTION TO A EREDHOLM EQUATION
Let ii( p, 5, s) and G(s) denote the Lapiace transforms of U and 0 respectively. Then (2.10) through (2.15) become (3.1)
We take, as a sufficiently general solution of (3. l), the integral representation This is the desired Fredholm equation which will be treated in a later section.
MOTION OF THE CYLINDER AND BOUNDARY VALUES IN TERMS OF I&
There are four quantities of physical interest in this problem; namely: the torsional displacement of the cylinder, the related torque acting on the cylinder, and the boundary values of the stress and displacement distributions in the half space. From (3.5) and (3.8) it is a simple matter to show that and then from (3.4) and (3.11) we find that Hence we find upon inversion of (4.1)
is the torque acting where L-l denotes the inverse on the cylinder so that 4(t ) = -277 Ii r%ex (r, 0, t) dr, where the dimensionless torque Q (7) is related to q(t) by Finally we introduce the dimensionless stress and displacement components C&p, 5,~) and V( p, 4, T) where then one can show that the boundary values of these functions are given by and l~pPc0, (4.6) To perform the inversions indicated in (4.3) through (4.6), one obviously needs rft(x, s) and the related function V(s). Since it does not seem possible to obtain even the first of these functions in closed form, we present, in the next two sections, a numerical procedure. The numerical problem may be divided into two parts. First the solution of the integral equation (3.12) for Jl(x, S) which, together with 9(s), permits the formation of the transforms in (4.3)-(4.6); and second the (numerical) inversion of these transforms. It was found that an unw~~~ble amount of computing would be required in the second step in so far as (4.5) and (4.6) are concerned. Therefore, attention was directed to the problem of ~mputi~ e(r) and Q(T) in (4.3) and (4.4). It is ~nvenient to consider the second step first.
NUMERICAL [NVERSION OF THE LAPLACE TRANSFORMS
If it is assumed that the integraI equation for #E(x, S) has been solved so that 8(s) and Q(S) are known, then the inverse transforms e(r) and Q(T) may be found by using the numerical procedure described by Weeks[3] . In this method, it is supposed that an inverse transformf(r), say, can be approximated by a Laguerre expansion of the form where T is a scale factor, y is somewhat greater than the abscissa of convergence of the transform g(s) off(r), and the dash indicates that only one half of the first term is to be taken. The function On(x) is the orthonormal Laguerre function e-@&,(x). The transform of& (7) In the problem under consideration y was taken to be zero since the displacement and torque are exponentially decaying functions of T. In accordance with the suggestion of Weeks, the scale factor T was chosen to be 7,&N, where rmax is the greatest value of r for which O(r) and Q(r) are required. Before this method can be applied it is necessary to find the values of @'y(s) for the sequence of points Sk = i+ These values will now be found.
NUMERICAL SOLUTION OF (3.12)
For purely imaginary values of S, the quantity q(s) is propOrtional to the torque Qdt applied to the half-space in the steady torsional vibration problem. In fact, *(iw) = Q8J16~ea3. For small values of the (dimensionless) frequency o, Qdt may be expanded as a power series in w. Collins [4] shows that
. .), (6 [6] . In this method the range of the integration, (0,l) in the present case, is first transformed to (-1,l) and J, and HI are respectively the Bessel and Struve functions of the first kind. Since K is complex, so is I,!I and the whole computation has to be carried out in complex arithmetic. In addition, since aK*/ay has a discontinuity at y = r), the range of integration (-1,1) has to be divided into (-1,~) and (7, l), as described in [6] . Once the coefficients eK (s) have been found, the quantity q(s) may be computed from where bk = -2[(k+l)(k-3)]-*,keven -2[k(k-2)]-',kodd.
NUMERICAL RESULTS
The numerical procedure runs as follows: First the number of terms to be taken in the Laguerre expansions 
CONCLUSIONS
Almost all of the Fredholm integral equations arising from elastic contact problems have, until recently, been solved using either analytical or iterative techniques. Examples of analytical work are provided by Sneddon[ I] etc., papers using some form of the method described by Noble[2] , and others using the Wiener-Hopf technique, for example Spence [7, 8] .
Iterative methods have been applied to problems in which the On an initial value Reissner-Sagoci problem -kOL kernel contains a small parameter, for instance, in dynamic contact problems in which the reduced frequency is small, e.g., Robertson [9] . Recent examples of direct numerical solution are provided by the work of Noble and Hussain [lO] in which the integral equation is solved using variational techniques, and Karasudhi, Keer and Lee[ 111, in which the integral is approximated by using the trapezoidal rule. The present paper shows that the Chebychev method of [6] which is simple to program, and gives high accuracy for a small number of terms, may be used as a useful adjunct to analytical methods.
